International  Journal  of  Applied  Mathematics 
&  Statistical  Sciences  (IJAMSS) 

ISSN  (P):  2319-3972;  ISSN  (E):  2319-3980 
Voi.  9,  Issue  1,  Dec-Jan  2020;  1-10 
© IASET 

EFFICIENT  FAMIFY  OF  EXPONENTIAF  AND  DUAF  ESTIMATORS  OF  FINITE 
POPUFATION  MEAN  IN  RANKED  SET  SAMPLING 

Nitu  Mehta  (Ranka)1  &  V.  L.  Mandowara2 

Assistant  Statistician,  CCPC,  Department  of  Agricultural  Economics  &  Management,  Rajasthan  College  of  Agriculture, 
Maharana  Pratap  University  of  Agriculture  and  Technology,  Udaipur,  Rajasthan,  India 
2 Retired  Professor,  Department  of  Mathematics  &  Statistics,  University  College  of  Science,  M.  L.  Sukhadia  University, 

Udaipur,  Rajasthan,  India 


IASET 


International  Academy  of  Science, 
Engineering  and  Technology 

Connecting  Researchers;  Nurturing  Innovations 


ABSTRACT 

This  study  proposed  improved  family  of  exponential  estimators  and  dual  type  ratio  estimator  of  finite  population  mean 
using  some  known  population  parameters  of  the  auxiliary  variable  in  Ranked  Set  Sampling  (RSS).  It  has  been  shown  that 
this  method  is  highly  beneficial  to  the  estimation  based  on  Simple  Random  Sampling  (SRS).  The  bias  and  mean  squared 
error  of  the  proposed  estimators  with  first  degree  approximation  are  derived.  Theoretically,  it  is  shown  that  the  suggested 
estimators  are  more  efficient  than  the  estimators  in  simple  random  sampling.  It  is  also  shown  that  the  suggested  dual 
estimator  is  more  efficient  than  the  usual  ratio  estimator  in  Ranked  set  sampling. 
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1.  INTRODUCTION 

The  literature  on  Ranked  set  sampling  describes  a  great  variety  of  techniques  for  using  auxiliary  information  to  obtain 
more  efficient  estimators.  Ranked  set  sampling  was  first  suggested  by  McIntyre  (1952)  to  increase  the  efficiency  of 
estimator  of  population  mean.  Kadilar  et  al.  (2009)  used  this  technique  to  improve  ratio  estimator  given  by  Prasad  (1989). 
Mehta  and  Mandowara  (2013)  suggested  a  modified  ratio-cum-product  estimator  of  finite  population  mean  using  ranked 
set  sampling.  Here,  we  propose  improved  exponential  family  of  ratio  type  estimators  and  dual  estimator  for  the  population 
mean  using  some  known  parameters  of  the  auxiliary  variable  in  ranked  set  sampling. 

Let u  =  {u,,U,  x',  }  be  the  finite  population  of  size  and  let  y  and  ,  respectively,  be  the  study  and  auxiliary 

variables.  A  sample  of  size  n  is  drawn,  using  simple  random  sampling  without  replacement,  to  estimate  the  population 
mean  y  _  J_  -y  of  study  variable  y. 

Nhy‘ 

The  classical  ratio  estimator  given  by  Cochran  (1940)  for  estimating  the  population  mean  ,  respectively  for  SRS, 
is  defined  as 
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yR  =  y 


rx^ 


(i.D 


\x  j 


Bahl  and  Tuteja(1991)  was  the  first  to  suggest  an  exponential  ratio  type  estimator  as 


yexp 


X-x 

X+x 


(1.2) 


Following  Kadilar  and  Cingi  (2006)  and  Khoshnevisan  (2007),  Singh  Rajesh  et  al.(2007)  define  modified  exponential 
estimator  for  estimating  Y  as 


=  >’exP 


(aX  +  b)  —  (ax+ b ) 
(aX  +  b)  +  (ax  +  b) 


(1.3) 


Where  a(*0),b  are  either  real  numbers  or  the  functions  of  the  known  parameters  of  the  auxiliary  variable  X  such  as 
coefficient  of  variation  ( C  x )  and  coefficient  of  kurtosis  J32(x)  and  correlation  coefficient  ( p  ). 


Srivenkataramana  and  Tarcy  (1980)  considered  the  following  dual  estimator  of  the  population  mean  Y  based  on  the  use  of 
the  mean  value  of  the  non-sampled  information  of  the  auxiliary  variable  defined  as 


NX -nx 

C N-njx 


(1.4) 


Or  y 


nsu 


=  y 


X 


-  _  NX  -nx  _  1 

where  X  —  ,  r-  —  ~  7,  Xj  denotes  the  mean  of  non  sampled  units  of  the  auxiliary  variable. 

\N-n)  N-n^t 

-  1^  -  1  ^ 

V  =  —  >  yt  and  X  =  —  >  X:  are  sample  means  of  y  and  X  respectively  based  on  sample  size  n.  Here,  it  is 
n  /=1  n  !=1 

—  1  N 

assumed  that  X  =  —  ^  X:  ,  population  mean  of  auxiliary  variable,  is  known. 


To  the  first  degree  of  approximation,  the  bias  and  mean  squared  error  (MSE)  of  the  estimators  y  and  y  are  given  as 


B(ye)=  yY(d2C]  +6pCxCy)  (1.5) 

MSE(ye)  =  yY2 [c2y  +  02C2X  - 20pyxCyCx]  (1.6) 


and 
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—  yp  C  C 

T7.  J r  xy  x  y 


xy 


B(  y  )=E(  y  )-Y  =- 

Y  J  nsu  J  V  J  nsu  ' 

N  NX 

M5£(y„ )  =  yr  [c,2  +  s  2C;  -  2gpC  cj 


Sv  S  svx  1  n 

where  Cv=^,  Cx==,  p  = ,  y=—(  ignoring  f  =  —  ) 


Z 

'  JV-1 


X 


2  ^  = 


SySx 


n 


N 


o2  _ 
- 


(1.7) 

(1.8) 

iV-l 


iV-l 


,0  =  - 


2(<sX  +Z?) 


and  g  = 


/nr 


N  —  mr 


2.  RATIO  ESTIMATORS  IN  RANKED  SET  SAMPLING 

In  Ranked  set  sampling  (RSS),  ITl  independent  random  sets  are  chosen,  each  of  size  in  and  units  in  each  set  are  selected 
with  equal  probability  and  without  replacement  from  the  population.  The  members  of  each  random  set  are  ranked  with 
respect  to  the  characteristic  of  the  study  variable  or  auxiliary  variable.  Then,  the  smallest  unit  is  selected  from  the  first 
ordered  set  and  the  second  smallest  unit  is  selected  from  the  second  ordered  set.  By  this  way,  this  procedure  is  continued 

until  the  unit  with  the  largest  rank  is  chosen  from  the  mth  set.  This  cycle  may  be  repeated  r  times,  so  111 r  (=  n)  units 
have  been  measured  during  this  process. 

When  we  rank  on  the  auxiliary  variable,  let  (\’|/j denote  the  l'h  judgment  ordering  for  the  study  variable 
and  i'h  perfect  ordering  for  the  auxiliary  variable  in  the  i‘h  set,  where  I  =1,2,3 . ,  in. 


Swami  (1996)  defined  the  ratio  estimator  for  the  population  mean  in  ranked  set  sampling  as 


y  R,RSS  y\n } 


X(n)  y 


(2.1) 


_  1  n  _  j  n 

where  ,  X(n)  = — ^  X(lj  are  the  ranked  set  sample  means  for  variables  y  and  X 

n  i= i  n  !=1 


respectively. 


To  the  first  degree  of  approximation  the  mean  squared  errors  (MSE’s)  of  the  estimators  y  R  RSS  is  given  as 


MSE(  y  rmss  I = y :  [0{C]  +  cl  -  2 Pyxc,cx  I  -  {ir„„  -  i¥I(„  )2  ] 

3.  MODIFIED  EXPONENTIAL  ESTIMATOR  USING  RANKED  SET  SAMPLING 


(2.2) 


Motivated  by  Singh  Rajesh  et  al  (2007),  We  proposed  modified  exponential  estimator  for  Y  using  Ranked  set  sampling  as 


'  e.RSS 


Yin]  eXP 


(aX  +b)  -(ax(n)  +b) 
(. aX  +  b)  +  (a.X(n)  +b) 


(3.1) 
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—  1  "  —  1  " 

Here  y[n]  =  — >  *<»>  =“E 


n  ■ 


i=i 


!=1 


The  Bias  and  MSE  of  y 


e.RSS 


X(l)  are  the  ranked  set  sample  means  for  variables  y  and 


can  be  found  as  follows- 


X  respectively. 


E(  y  e.RSS  )-E(  y  e.RSS  )  Y 


Here  V 


e.RSS 


F(l  +  f0)exp 


aX  -aX( \  +  £x) 
ci  X  +  2  b  +  ci  X  (1  +  £  j ) 


=  F(1  +  £Q )  exp[—  9c \  (1  +  0£ , )  1  ]  where  9  — 


aX 


2  (aX  +b ) 


Expanding  the  right  hand  side  of  eq.  and  retaining  terms  up  to  second  power  of  £  ’s  ,  we  have 
E(  Y  e.RSS  )  =  YE^  +  £o~  Q£\  +  &~£i  +  9£o£\  ) 

So  that  B{  yeRSS)=  y\9~  E(£{)  +  9E (£0£,)],  because it(f0)  =  E^E^)  =  0 

=>B{  ye,Rss)=Y{A02C;  +9pcxcx}-{92w;a)  +9WyxJ] 


(3.2) 


Now  MSE{  y  e  RSS  )  -  E(  y  e  RSS  Y ) 

=Y2E[£0-9£l]2 
=  Y  e\sI  +  92e\  -  29eQ£l  ] 

=  y'bc; -w2m +e2(] C;  -M',2„>)-2e(F„c.c, 

^MSE(y,RSS  )  =  Y1\y{C1y+e2Cl-28p,,C,Cx}-{Wym-(Wm)1\  (3.3) 

The  following  table  shows  some  other  estimators  of  the  population  mean  which  can  be  obtained  by  putting 
different  values  of  constants  a  and  b. 
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Estimator 

Different  values  of 

a 

b 

y  el.RSS  =  A7  [„] 

0 

0 

y el.RSS  =  yW  eXP 

X  X(n) 

X  +  X(n) 

1 

1 

y  el.RSS  =  y [n]  eXP 

X  -  X(n) 

X  +  X(n)  +  2  j82(x) 

1 

AO) 

y  el.RSS  =  yM  exp 

X  -X(n) 

X  +  X(„)  +  2  C  x 

1 

cx 

y  el.RSS  =  y [n]  eXP 

X  -X(n) 

X  +  X(n)  +  2  p 

1 

p 

ye6.RSS  =  y [n]  eXP 

P2{x)(X  —  X(n)  ) 

AU) 

Cx 

/?2  (x)(X  +  X(n)  )  +  2 C x 

y el.RSS  =  y [n]  eXp 

Cx(X  -X(„)) 

cx 

A  O) 

Cx(X  +  X(n)  )  +  2/?2  (x) 

y  eS.RSS  =  yW  exp 

Cx(X~X(n)) 
Cx(X  +  X(n)  )  +  2 p 

Cx 

p 

y  e9,RSS  ~  y [n]  eXP 

p{X~X(n)) 
pi.  X  +  X(n)  )  +  2C x 

p 

cx 

y elO.RSS  =  A7 [«]  eXf 

/32(x)(X  - 

A(x) 

p 

j32(x)iX  +X(n))  +  2p 

y  el  l.RSS  —  y [n|  eXP 

PiX  —  X(n)  ) 

p 

AO) 

pi  X  +  X(n) )  +  2  /3X  (x) 

It  is  cleared  that  bias  and  MSE  of  the  above  estimators  given  in  the  table  can  be  obtained  by  substituting  the 
values  of  a  and  b  in  (3.2)  and  (3.3)  respectively. 

4.  MODIFIED  DUAL  RATIO  ESTIMATOR  IN  RANKED  SET  SAMPLING 


Motivated  by  Srivenkataramana  and  Tarcy  (1980),  we  propose  dual  ratio-type  estimator  for  using  Ranked  set  sampling  as 


'  nsu,RSS 


NX  -mrx(n) 
(N  -  mr)X 


(4.1) 


or 


y 


nsu,RSS 


=  ?(») 


— * 

where  X(n) 


NX  -  mrx(n) 
(N  -  mr ) 
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The  Bias  and  MSE  of  V  mu  RSS  can  be  found  as  follows 


y  nsu  ,RSS  ynsu,RSS  )  y 


y 


nsu ,  RSS 


=  Y{  1  +  eA 


NX  -mrXjl  +  eJ 
(N  -mr)X 


= 7(1 + e0i  1  ■ 


mr 

- £i 

N  —  mr 


=  Y 


£  mr  mr  x 

1  +  f0 - £\ - 

N  -  mr  N  -  mr 


Taking  expected  values  on  both  sides,  we  have 


^iy  „su, RSS  )  Y 


1  +  E(e0)--^-E(el)--^E(elA) 


mr 


N  —  mr 


N  -mr 


—  mr  —  ,  x 

=  Y-~ - 7  E(£o£i) 

N  -  mr 


Now  B(  y  nsu  RSS  )-  E(  y  nsu  RSS ) 


1  1 


N  -  mr  X 


1  171 

s»-1Zr 

m  “ 

;=1 


yx(i) 


Y\jPxyCxCy~Wyx  (,-)} 


N  -  mr 


mr 


B{  y  nsu, RSS  )  SY\}PxyCxCy  Wyx(i) }  ^gj-g  ^  N  ~  1W 


Now  MSE(  y  nsu  RSS  )  -  E(  y  nsu  RSS  Y ) 


=  E\ 


l  +  £o  “ 


mr 


mr 


£x- 

N  -  mr  N  —  mr 


£0£l 


-Y 


■■y2e\ 


mr 

N  —  mr 


12 


(4.2) 
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=Y 


k -<■>}+( 


=  Y2[Ac<  +  g-C;  - 2gpxyCICy }- +  g2Kn  ~  2gWym E 


MSE(  y,,,.„)=i'J[r{cJ  +g2c2, -2gp„c,cj-iwm-gwm)2] 


(4.3) 


5.  EFFICIENCY  COMPARISON 

On  comparing  (1.6)  and  (1.8)  with  (3.3)  and  (4.3)  respectively,  we  obtain 

0>where  A=  |„  mj 

^MSE(~y€tss)<MSE{y,) 

MSE(  ynm  )  -MSE(  y  nsu  RSS  )  =  A2  >0,  where  A2=  [wr[i]  -gWx(i)]2 


MSE(ynsU'RSS)<MSE(ynsu) 


It  is  easily  seen  that  the  MSE  of  the  suggested  estimators  given  in  (3.3)  and  (4.3)  are  always  smaller  than  the 
estimator  given  in  (1.6)  and  (1.8)  respectively,  because  A,  and  A,  all  are  non-negative  values.  As  a  result,  show  that  the 

proposed  estimators  y e  RSS  and  nsu  RSS  for  the  population  mean  using  RSS  are  more  efficient  than  the  usual  estimators 

ye  and  y  nsu  respectively. 

Now  Comparison  between  (2.2)  and  (3.3),  we  obtain  the  estimator  y  nsu  RSS  will  be  more  efficient  than  the  ratio 
estimator  yrRSS  if 

“SE  (y„„,Rss)<MSE(yrRSS) 

Y2[r\c; +g2c;-2gpcycx}-tym  +g2w2(l)  -2gwym\ 

<r\Af2y+cl-2pC,Cx}Mv  +wm 

=>  is 2  - 1  k2  -  2k  - 1  )rpc,cx }-  fg 2  -  iK«  -  2k  -  }<  0 

=>  U2  -fc  -  wm }_  2k  -  Apieycx  -  wMt)}  <  o 


www.iaset.us 


editor@iaset.  us 


8 


Nitu  Mehta  (Ranka)&  V.  L.  Mandowara 


^{g- ifc  +  l)kv  -  }-  2 {ypcycx  -  wyxil  ,}]<() 

Now  there  are  two  cases  - 
Case  1:  The  inequality  (5.1)  will  be  satisfied  if 

8  ~  1  <  0  and  [{g  + 1  %C\  -  Wv2(, , }-  2 {ypCyCx  -  Wyx(i)  }j >  0 


(5.1) 


mr 


N  -  mr 


-1 


<  0  and  (g  +  “ <.■)}>  2 hpCyCx  -  } 


mr  -  N  +  mr 
N  —  mr 


YPC yCx  -Wyx(l)  (g+l) 


<0 


and 


ycl-wi  o 


< 


N 

mr  <  — 

or  2  anc( 


rpcycx  -wyxU) 


< 


N 


N 

mr  <  — 

or  2  ancj 


yet -Win  2{N  —  mr) 

Cov(x(„),y[n])/X7  n 


v(xM)/X 


2{N  -  mr) 


(5.2) 


As  in  the  case  of  SRS,  it  is  clear  that  to  the  first  order  of  approximation  the  RSS  estimators  are  unbiased,  using 

Cov(x(n),yw)  = /3v{x(n))  in  (5.2),  we  obtain 

/3Var[x(n))x  N 
Var{x(„))  Y  N- mr 


and  pxy  < 


N 


Cx  2(N  —  mr) 

N  N 

for  Cv  =  Cx  we  have  mr  <  —  and  Oxv  < - 

2  2(N-mr) 

This  condition  holds  in  practice.  For  example,  if  N=100  and  mf  ~  ^  ^  then  js  supposed  to  be  less  than  0.60. 
Case  2:  The  inequality  (3)  will  be  satisfied  if 
(g  - 1)  >  0  and  [(*  +  l){c;  -  Wx2(l) }-  2 {YpCyCx  -  W2xU) }]  <  0 

N  N 

Here  for  Cy  =  C x  ,we  have  n  >  —  &  p  >  — - r 

y  2  y  2 [N  -  mr) 

This  condition  will  not  hold  in  practice.  For  example,  if  N=100  and  mr  =  70  then  pxy  is  supposed  to  be  greater 
than  1.667,  which  is  not  possible. 
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APPENDIX 

To  obtain  bias  and  MSE  of  ye  RSS  ,  we  put  =F(l+£0)  and  X<n)  =  X(1  +  £  { )  so  that  E(£0)  =  E(£\)  =  0,  and 
therefore. 
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2v  V(y  r„i) 


V(£{))=E(£+)  =  —2 
Y 


1  1 


1 


=be2,-K,] 


mr  y~  L 

similarly,  V(£x)  =  E(£{ )  =  [jC*  “ ] 

Cov(y.  i.xoo ) 

and  Cov(£ o ,€,)  =  0 ,£,)  = - = - - 

XF 


1  1 


XF  mr 


m 


i=l 


=  [fv,CvC,  -  WyxJ 


,  1 

where  y  = -  ,  £0  = - = - ,  £ ,  = 

mr  F 


-*(«)  ^  x-i2  _  ^  _  ffy*  _  n 

—  ’  Cy  —  —2  ’  -i  _  — 2  ’  L'y*  _  2— X  _  fJyxL'yL'x 

X  y  X  XY 


1  l  m  |  |  m  ^  |  y  m 

W2  = - V1  T2  •  W  2  ,  = - 'V  r2,  ,  and  W  — - y  r  .  Here  we  would  like  to  remind  that 

"  2  Lu  x(0  ylO  2,—2Lu  ,v[/]  "  yx (i)  2.7^  L  Jl(i) 


Jc(i)  2 _ 

m  r  x  ,=i 


2  —2  _ 

m  r  y  ,=1 


m~r  XY  ,= i 

7x(;)  =  MxO)  ~  ^  >  ^y[i]  =  Ay[i]  _  ^  anc^  ^y*(i)  =  (MxU)  ~  X)  (My[i]  —Y)  ■ 


Further  to  validate  first  degree  of  approximation,  we  assume  that  the  sample  size  is  large  enough  to  get  £0  and 
as  small  so  that  the  terms  involving  £(j  and  or  £[  in  a  degree  greater  than  two  will  be  negligible. 
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